Abstract-An effective Lagrange density for electromagnetic fields in the presence of a highpermittivity thin film or interface yields an analytic expression for electromagnetic potentials which interpolates between the two-dimensional logarithmic Coulomb potential at short distances and the three-dimensional Coulomb potential at large distances. It is shown that the analytic expression for the dimensionally hybrid electromagnetic potential is a very good approximation to the infinite series solution from image charges.
INTRODUCTION
We report an investigation on the impact of quasi two-dimensional and three-dimensional behavior on electromagnetic interactions in interfaces and thin films of high dielectric permittivity.
We recall that the Green's function in d spatial dimensions satisfies
and therefore determines electrostatic and exchange interactions through the electrostatic potential
Here q is an electric charge in a dielectric material of permittivity . In a more general context,
is also known as the zero energy Green's function, see [1, 2] . In vacuum or a homogeneous material it is given by
Therefore, the number of spatial dimensions has a profound impact on distance laws of interaction potentials (2) . The motivation for investigating the behavior of interaction potentials in the presence of highpermittivity thin films or interfaces resulted on the one hand from our previous results on Schrödinger theory Green's functions in the presence of thin interfaces with different effective electron mass. In these cases the existence of low-dimensional structures in bulk materials has a strong impact on the density of states of particles [1] and on impurity scattering [2] . It was a natural question to ask whether similar results would obtain in the presence of quasi two-dimensional modifications of permittivity instead of effective electron mass. On the other hand, high-permittivity thin films are important for the manufacturing of high-capacitance domains in highly integrated nanotechnology and microelectronics devices. Applications involve highly integrated low frequency or low damping oscillators, memory devices, low voltage thin film transistors, and efficient energy storage in mesoscopic or nanoscale devices.
To elucidate possible implications of dimensionality on forces in quasi two-dimensional systems, a Lagrangian model is introduced and motivated in Section 2 to describe the behavior of electromagnetic fields in high-permittivity thin films. This model yields an analytic potential Φ(r) which turns out to interpolate between two-dimensional logarithmic behavior at mesoscopic distance scales and three-dimensional r −1 behavior at large distance between charges. The model can be motivated from the standard three-dimensional quantum electronics Hamiltonian if the presence of a thin high-permittivity region is taken into account. Given the geometry of a thin dielectric slab, the emergence of quasi two-dimensional behavior at least for certain distance scales may not be completely unexpected. However, the best justification for the model arises from comparison with the electrostatic potential from image charges. The potential in a dielectric slab can be calculated as a converging infinite series using image charges (although it cannot be written in closed form e.g., in terms of known special functions). We find very good numerical agreement between the analytic model and the potential from image charges both at mesoscopic and large distances. The analytic model therefore yields a good approximation which shows the deviations from the r −1 distance law at mesoscopic scales.
EMERGENCE OF A DIMENSIONALLY HYBRID POTENTIAL IN HIGH-PERMITTIVITY THIN FILMS
The system of interest for us consists of non-relativistic charged (quasi-)particles of mass m and charge q and photons in a high-permittivity thin film or interface. We assume planar geometry, and splitting of three-dimensional vectors into two-dimensional vectors parallel to the interface, and normal components perpendicular to the interface, will be indicated through boldface notation for the parallel vectors, e.g.,
B z orthogonal to the interface or thin film will be denoted as normal or perpendicular components. This must not be confused with transverse three-dimensional vector fields which have vanishing divergence, e.g., A will be transverse in Coulomb gauge, ∇ · A = 0, and the corresponding contribution E ⊥ = −∂ A/∂t to the electric field will be transverse, but generically these vector fields will not be orthogonal to the thin film or interface.
The charged particles are described by field operators ψ and ψ + , and the x-space field operator for the photons is the transverse vector potential A, ∇ · A = 0. The Lagrange density
yields a corresponding Hamiltonian density
where m(z), µ q (z), (z) and µ(z) are piecewise constant functions of z due to the presence of an interface layer or thin film at −a < z < a. The values in the layer will be denoted by an asterisk, e.g.,
Effects of dimensionally hybrid Hamiltonians for non-relativistic particles with different effective masses m * inside a thin film or interface and m in the surrounding matrix were discussed in references [1] [2] [3] . Here we will focus on the implication for the effective Coulomb and exchange interaction integrals of charged particles in the thin film.
The following equations of motion and junction conditions follow directly from δS = δ d 4 x L = 0. δS/δΦ = 0 yields both the bulk equation
and the junction conditions
δS/δ A = 0 yields both the bulk equation
and δS/δψ + = 0 yields both the bulk equation
Additional junction conditions usually follow from the analysis of Equations (6), (8), (10), but we emphasize the junction conditions (7), (9), (11) which follow directly from δS = δ d 4 x L = 0, because these junction conditions imply that the δ function terms in Equations (6), (8) and (10) vanish, such that we can pull the derivatives through the piecewise constant parameters. This yields
We solve Equation (12) in Coulomb gauge,
where the Green's function has to satisfy
We consider a thin film in the sense that transverse excitations can be neglected inside the thin film, |k ⊥ |a 1. In this limit we can approximate Equation (14) with
Substitution of the Fourier transform
This implies with
Fourier transformation with respect to z yields 
where
Equation (16) also appears in the calculation of 2-point correlation functions of particles in the presence of a thin interface and has been solved in references [1] [2] [3] . The solution yields
where k ≡ |k|. The Fourier transformed solutions are
The Green's function in the thin film is given in terms of a Struve function and a Neumann function 1 ,
This yields logarithmic behavior of interaction potentials at small distances r and 1/r behavior for large separation r of charges in high-permittivity thin films,
see also Figure 1 . 
THE APPROACH THROUGH IMAGE CHARGES
We again consider a dielectric slab −a ≤ z ≤ a of permittivity * in a bulk of permittivity . The image charge solution for the potential of a charge q at x = 0, z = 0 proceeds through the ansatz
and symmetric continuation to z < −a. This yields electric fields
4π r 2 + (z + 2na) 2 3 , and the junction conditions at z = a yield for n ≥ 0 from the continuity of E r ,
and from the continuity of
These conditions can be solved through
In particular, the potential at z = 0 is
We have
and therefore for
The solution from image charges is in very good agreement with the analytic model from Section 2 for distances r a/2, where both the image charge solution and the analytic model show strong deviations from the bulk r −1 behavior. This is illustrated in Figure 2 by plotting the reduced electrostatic potential for a charge q in the plane z = 0, a q Φ(r) = aG(r). It is also instructive to plot the relative deviation (Φ hybrid − Φ image )/Φ image between the dimensionally hybrid potential Φ hybrid (r) = qG(r)/ which follows from (18) and the potential Φ image (21) from image charges. Figure 3 shows that for r a/2, the dimensionally hybrid model is a very good approximation to the potential from image charges with accuracy better than 7 × 10 −3 if * / = 100. For * / = 10 the accuracy is still better than 5 × 10 −2 .
SUMMARY
An analysis of the model (5, 4) yields dimensionally hybrid electrostatic potentials (13, 18) which interpolate between two-dimensional distance laws at short distances and three-dimensional distance laws at large distances. The analytic model is in very good agreement with the infinite series solution already for small distance scales r a/2, where the potential strongly deviates from the standard bulk r −1 potential. The transition length between two-dimensional and three-dimensional behavior is predicted to be of order a × ( * − )/ , where 2a is the thickness of the film. At distance scales smaller than a/2, r −1 behavior seems to dominate again, in agreement with expectations that for distances which are small compared to the lateral extension of a dielectric slab, bulk behavior should be restored. However, note that neither the analytic model from Section 2 nor the solution from image charges is trustworthy for very small distances, because both models rely on a continuum approximation through the use of effective permittivities, but the continuum approximation should break down at sub-nanometer scales.
